Given a fixed graph H that embeds in a surface Σ, what is the maximum number of copies of H in an n-vertex graph G that embeds in Σ? We show that the answer is Θ(n f (H) ), where f (H) is a graph invariant called the 'flap-number' of H, which is independent of Σ. This simultaneously answers two open problems posed by Eppstein (1993) . When H is a complete graph we give more precise answers. arXiv:2003.13777v1 [math.CO] 
Introduction
Many classical theorems in extremal graph theory concern the maximum number of copies of a fixed graph H in an n-vertex graph in some class G. Here, a copy means a subgraph isomorphic to H. For example, Turán's Theorem determines the maximum number of copies of K 2 (that is, edges) in an n-vertex K t -free graph [66] . More generally, Zykov's Theorem determines the maximum number of copies of a given complete graph K s in an n-vertex K t -free graph [70] . The excluded graph need not be complete. The Erdős-Stone Theorem [20] determines, for every non-bipartite graph X, the asymptotic maximum number of copies of K 2 in an n-vertex graph with no X-subgraph. Analogues of the Erdős-Stone Theorem for copies of K s have recently been studied by Alon and Shikhelman [4, 5] . See [3, 21, 24-26, 32, 48, 49, 54, 65] for recent related results. This paper studies similar questions when the class G consists of the graphs that embed 1 in a given surface Σ (rather than being defined by an excluded subgraph). For a graph H and surface Σ, let C(H, Σ, n) be the maximum number of copies of H in an n-vertex graph that embeds in Σ. This paper determines the asymptotic behaviour of C(H, Σ, n) as n → ∞ for any fixed surface Σ and any fixed graph H.
Before stating our theorem, we mention some related results that determine C(H, S 0 , n) for specific planar graphs H where the surface is the sphere S 0 . Alon and Caro [2] determined C(H, S 0 , n) precisely if H is either a complete bipartite graph or a triangulation without non-facial triangles. Hakimi and Schmeichel [33] studied C(C k , S 0 , n) Date: April 1, 2020. G. Joret is supported by an ARC grant from the Wallonia-Brussels Federation of Belgium. All three authors are supported by the Australian Research Council. 1 See [52] for background about graphs embedded in surfaces. For h 0, let S h be the sphere with h handles. For c 0, let N c be the sphere with c cross-caps. Every surface is homeomorphic to S h or N c . The Euler genus of S h is 2h. The Euler genus of N c is c. A graph H is a minor of a graph G if a graph isomorphic to H can be obtained from a subgraph of G by contracting edges. If G embeds in a surface Σ, then every minor of G also embeds in Σ.
where C k is the k-vertex cycle; they proved that C(C 3 , S 0 , n) = 3n−8 and C(C 4 , S 0 , n) = 1 2 (n 2 +3n −22). See [34, 35] for more results on C(C 3 , S 0 , n) and see [1] for more results on C(C 4 , S 0 , n). Győri et al. [29] proved that C(C 5 , S 0 , n) = 2n 2 − 10n + 12 (except for n ∈ {5, 7}). Győri et al. [30] determined C(P 4 , S 0 , n) precisely, where P k is the k-vertex path. Alon and Caro [2] and independently Wood [67] proved that C(K 4 , S 0 , n) = n − 3. More generally, Wormald [69] proved that if H is a fixed 3-connected planar graph then C(H, S 0 , n) = O(n). This result was independently proved by Eppstein [18] , who noted the converse also holds: If H is planar and C(H, S 0 , n) = O(n) then H has no ( 2)separation.
Eppstein [18] asked the following two open problems:
• Characterise the subgraphs occurring O(n) times in graphs of given genus.
• Characterise the subgraphs occurring a number of times which is a nonlinear function of n.
This paper answers both these questions (and more).
We start with the following natural question: when is C(H, Σ, n) bounded by a constant depending only on H and Σ (and independent of n)? We prove that H being 3-connected and non-planar is a sufficient condition. In fact we prove a stronger result that completely answers the question. We need the following standard definitions. A k-separation of a graph H is a pair (H 1 , H 2 ) of edge-disjoint subgraphs of H such that H 1 ∪ H 2 = H, V (H 1 ) \ V (H 2 ) = ∅, V (H 2 ) \ V (H 1 ) = ∅, and |V (H 1 ∩ H 2 )| = k. A k -separation for some k k is called a ( k)-separation. If (H 1 , H 2 ) is a separation of H with X = V (H 1 ) ∩ V (H 2 ), then let H − i and H + i be the simple graphs obtained from H i by removing and adding all edges between vertices in X, respectively.
A graph H is strongly non-planar if H is non-planar and for every ( 2)-separation (H 1 , H 2 ) of H, both H + 1 and H + 2 are non-planar. Note that every 3-connected nonplanar graph is strongly non-planar. The following is our first main contribution. It says that C(H, Σ, n) is bounded if and only if H is strongly non-planar. Theorem 1.1. There exists a function c 1.1 (h, g) such that for every strongly non-planar graph H with h vertices and every surface Σ of Euler genus g, C(H, Σ, n) c 1.1 (h, g).
Conversely, for every graph H that is not strongly non-planar and for every surface Σ in which H embeds, there is a constant c > 0 such that for all n 4|V (H)|, there is an n-vertex graph that embeds in Σ and contains at least cn copies of H; that is, C(H, Σ, n) cn.
There are two striking observations about Theorem 1.1. First, the characterisation of graphs H does not depend on the surface Σ. Indeed, the only dependence on Σ is in the constants. Second, Theorem 1.1 shows that C(H, Σ, n) is either bounded or Ω(n). Theorem 1.1 is in fact a special case of the following more general theorem. The next definition is a key to describing our results. A flap in a graph H is a ( 2)-separation (A, B) such that A + is planar. Separations (A, B) and (C, log n = f (H).
The lower bound in Theorem 1.2 is proved in Section 2. Section 3 introduces some tools from the literature that are used in the proof of the upper bound. Theorem 1.1 is proved in Section 4. The upper bound in Theorem 1.2 is then proved in Section 5. Section 6 presents more precise bounds on C(H, Σ, n) when H is a complete graph K s . Section 7 considers the maximum number of copies of a graph H in an n-vertex graph in a given minor-closed class. Section 8 reinterprets our results in terms of homomorphism inequalities, and presents some open problems that arise from this viewpoint.
Before continuing, to give the reader some more intuition about Theorem 1.2, we now asymptotically determine C(T, Σ, n) for a tree T . Corollary 1.3. For every fixed tree T , let β(T ) be the size of a maximum stable set in the subforest F of T induced by the vertices with degree at most 2. Then for every fixed surface Σ, C(T, Σ, n) = Θ(n β(T ) ).
Proof. By Theorem 1.2, it suffices to show that β(T ) = f (T ).
are pairwise independent flaps in T . Thus β(T ) f (T ). Theorem 1.2 then implies that C(T, Σ, n) = Ω(n β (T ) ). This lower bound is particularly easy to see when T is a tree. Let G be the graph obtained from T by replacing each vertex v i ∈ I by n−|V (T )| β (T ) vertices with the same neighbourhood as v i , as illustrated in Corollary 1.3. Then G is planar with at most n vertices and at least ( n−|V (T )| β(T ) ) β(T ) copies of T . Thus C(T, Σ, n) C(T, S 0 , n) = Ω(n β(T ) ) for fixed T .
For the converse, let (
} is a stable set of vertices in T all with degree at most 2. Hence β(T ) f (T ). 
Lower Bound
Now we prove the lower bound in Theorem 1.2. Let H be an h-vertex graph with flapnumber k. Let Σ be a surface in which H embeds. Our goal is to show that C(H, Σ, n) = Ω(n k ) for all n 4|V (H)|. We may assume that k 2 and H is connected. Let
from H, and add the edge v i w i (if it does not already exist). Note that H is a minor of H, since we may assume that whenever
Since H embeds in Σ, so does H . By assumption, A + i is planar for each i . Fix an embedding of A + i with v i and w i (if it exists) on the outerface (which exists since v i w i is an edge of A + i in the case of a 2-separation). Let G be the graph obtained from an embedding of H in Σ by pasting q := n |V (H)| − 1 copies of
is a 2-separation). These copies of A + i can be embedded into a face of H , as illustrated in Figure 2 .
By construction, G has at least q k ( n |V (H)| − 2) k copies of H. Hence C(H, Σ, n) = Ω(n k ). 
Tools
To prove the upper bound in Theorem 1.2 we need several tools from the literature. The first is the following theorem of Eppstein [18] . A second key tool is the following result by Miller [51] and Archdeacon [7] .
Theorem 3.2 (Additivity of Euler genus [7, 51] ). For all graphs G 1 and G 2 , if |V (G 1 ) ∩ V (G 2 )| 2 then the Euler genus of G 1 ∪ G 2 is at least the Euler genus of G 1 plus the Euler genus of G 2 .
We also use the following result of Erdős and Rado [19] ; see [6] for a recent quantitative improvement. A t-sunflower is a collection S of t sets for which there exists a set R such that X ∩ Y = R for all distinct X, Y ∈ S. The set R is called the kernel of S. Lemma 3.3 (Sunflower Lemma [19] ). There exists a function c 3.3 (h, t) such that every collection of c 3.3 (h, t) many h-subsets of a set contains a t-sunflower.
Finally, we mention some well-known corollaries of Euler's Formula that we use implicitly. Every graph with n 3 vertices and Euler genus g has at most 3(n + g − 2) edges. Moreover, for bipartite graphs the above bound is 2(n + g − 2). For example, this implies that the complete bipartite graph K 3,2g+3 has Euler genus greater than g.
Strongly Non-Planar Graphs
Now we prove the following quantitative version of the upper bound in Theorem 1.1. 
Proof. Let H be the multiset of the vertex sets of all the copies of H in G. Assume for the sake of contradiction that |H| h!c 3.3 (h, q). Since there are at most h! copies of H on each h-subset of vertices of G, there is a subset H of H of size c 3.3 (h, q) such that all members of H are distinct. By the Sunflower Lemma, H contains a q-sunflower S. Let R be the kernel of S.
Let Z 1 , . . . , Z t be the components of the subgraphs of G obtained by deleting R from each copy of H in S. Since q > 1, |R| < h. Therefore, each copy of H contributes at least one such component. Thus t q. Since R is the kernel, Z 1 , . . . , Z t are pairwise disjoint.
Suppose that at least g + 1 of the Z i have at most one neighbour in R. Since H is strongly non-planar, these Z i are non-planar, and by the additivity of Euler genus on ( 1)-separations (Theorem 3.2), G has Euler genus at least g + 1, which is a contradiction. Now assume that at most g of the Z i have at most one neighbour in R.
Suppose that more than (g + 1) |R| 2 of the Z i have exactly two neighbours in R. Then at least g + 2 of the Z i have the same two neighbours x, y ∈ R. Label these Z i by
including the edge xy . By the definition of strongly non-planar, each X i is non-planar. By Theorem 3.2 again, g+1 i=1 X i and thus G has Euler genus at least g + 1, which is a contradiction since G is a minor of G. Thus at most (g + 1) |R| 2 of the Z i have exactly two neighbours in R.
Suppose that more than (2g + 2) |R| 3 of the Z i have at least three neighbours in R. Then at least 2g + 3 of the Z i have the same three neighbours in R. Contract each such Z i to a single vertex, to obtain a K 3,2g+3 minor of G, which is a contradiction. Now assume that at most (2g + 2) |R| 3 of the Z i have at least three neighbours in R.
Proof of Main Theorem
The proof of our main theorem uses a variant of the SPQR tree, which we now introduce.
SPQRK Trees.
The SPQR tree of a 2-connected graph G is a tree that displays all the 2-separations of G. Since we need to consider graphs which are not necessarily 2-connected, we use a variant of the SPQR tree which we call the SPQRK tree.
is classified either as a real or virtual edge. By the construction of an SPQRK tree each edge e ∈ E(G) appears in exactly one minor H a as a real edge, and each edge e ∈ E(H a ) which is classified real is an edge of G. The SPQRK tree T G is defined recursively as follows.
(1) If G is 3-connected, then T G consists of a single R-node a with H a := G. All edges of H a are real in this case. 
with the additional edge xy if it is not already there. Since we include the edge xy , each G i is 2-connected and we can construct the corresponding SPQRK tree T G i by induction. Let a i be the (unique) node in T G i for which xy is a real edge in H a i . In order to construct T G , we make xy a virtual edge in the node a i , and connect a i to a in T G . (5) If G has a cut-vertex x and C 1 , . . . , C s (s 2) are the connected components of G − x, then construct T G inductively as follows. First, add a Q-node a to T G , for which H a is the graph consisting of the single vertex x.
Note that b i is not necessarily unique. Choose one such b i and make a adjacent to b i in T G .
As a side remark, note that the SPQRK tree T G of G is in fact not unique-there is some freedom in choosing b i in the last point in the definition above-however, for our purposes we do not need uniqueness, we only need that T G displays all the ( 2)-separations of G.
The next lemma is the crux of the proof. Let J and G be graphs and X and Y be cliques in J and G respectively, with |X| = |Y |. Let J be a copy of J in G. We say that J fixes
Lemma 5.1. There exists a function c 5.1 (j, g) with the following property. Let Σ be a surface of Euler genus g. Let X be a clique with |X| 2 in a planar graph J with j vertices, such that there does not exist independent flaps (A, B) and (C,
Let G be an n-vertex graph embedded in a surface Σ of Euler genus g and Y be a clique in G with |Y | = |X|. Let ( ) be the property that there do not exist independent flaps
Thus, we are done by Theorem 3.1. Henceforth, we may assume that |X| ∈ {1, 2}.
is a ( 2)-separation of J, where J 1 is obtained from J 1 by adding the vertices of X as isolated vertices. Therefore, (J 1 , J 2 ) and (J 2 , J 1 ) contradict ( ). Thus, V (J 2 ) = X.
Hence, J 1 has no ( 2)-separations. Since V (J 2 ) = X, the number of copies of J in G with X fixed at Y is at most twice the number of copies of J 1 in G (since there at most two ways of fixing X at Y ). By Theorem 3.1, this is at most 2c 3.1 (j, g) c 5.1 (j, g). Thus, we may assume that J is connected.
If a is an R-node, then there are at most c 3.1 (j, g)n c 5.1 (j, g)n copies of J in G. If a is an S-node and |X| = 1, then J ∼ = C 3 . If a is an S-node and |X| = 2, then J ∼ = C 3 or J ∼ = C 4 . In either case, there is a unique maximal clique X of J with X ∩ X = ∅ and |X | 2. Since there at most max{|V (G)|, |E(G)|} choices for X , there are at most 4 max{n, 3(n + g − 2)} 12(g + 1)n c 5.1 (j, g)n copies of J in G with X fixed at Y . We may therefore assume |V (T J )| 2. Moreover, by the above argument we may also assume |V (J)| 4. 
The next claim also follows from ( ). For completeness, we include the proof.
, and if |S| = 2, then the two vertices in S are adjacent in J.
is the subgraph of J induced by the edges incident to s. Thus, by ( ), S is a clique in J, and therefore |S| 3.
The first inequality is immediate since
. Thus, v is also counted twice on the LHS.
, at most one of J 1,1 , J 1,2 , and J 2,2 is proper by ( ). . Let Z be the kernel of F. By construction, Y + ⊆ Z. For each F ∈ F let w F ∈ F \ Z. By Claim 5.5, there are three internally disjoint paths from w F to Y + in G[F ] whose ends in Y + are distinct for all F ∈ F. For each F ∈ F let Z F be the set consisting of the first vertices of Z on each of these three paths. Since s j 3 (2g + 3), Z F is the same for at least 2g + 3 sets in F. Thus, G contains a subdivision of K 3,2g+3 . However, this is impossible, since K 3,2g+3 does not embed in Σ.
It follows that c f j!c 3.3 (j, j 3 (2g + 3)) for all f ∈ E(G). Since there are at most 3(n + g − 2) (3g + 3)n choices for f , there are at most j!c 3.3 (j, j 3 (2g + 3)) · (3g + 3)n c 5.1 (j, g)n copies of J in G with X fixed at Y .
The final ingredient we need is the following 'flap reduction' lemma. Proof. First suppose that B + 1 is 3-connected. If B + 1 is non-planar, then f (B + 1 ) = 0 and we are done. If B + 1 is planar, then f (B + 1 ) = 1. Moreover, H is planar and k 2 since (A 1 , B 1 ) and (B 1 , A 1 ) are independent flaps in H. We may hence assume that B + 1 is not 3-connected. Towards a contradiction let (
; otherwise H has flap-number at least k + 1. (Note that this implies in particular that X = ∅.) By relabelling, we may assume = 1.
We now complete the proof of the upper bound in Theorem 1.2. Proof. We define c 5.7 (h, g) by induction on h. Set c 5.7 (1, g) := 1 for all g. For h > 1, let c 5.7 (h, g) := max(c 1.1 (h, g), c 3.1 (h, g), max{c 5.7 (h 0 , g)c 5.1 (j, g) | h 0 , j < h}).
We proceed by induction on k := f (H). If k = 0, then H is strongly non-planar. By Theorem 1.1, C(H, Σ, n) c 1.1 (h, g) c 5.7 (h, g). Thus, we may assume k 1. If H is 3-connected, then k = 1 and H is planar. By Theorem 3.1, C(H, Σ, n) c 3.1 (h, g)n c 5.7 (h, g)n. We may hence assume that H is not 3-connected. Let (A 1 , B 1 , there are at most c 5.1 (j, g)n copies of J in G with X fixed at Y i . Therefore, there are at most (c 5.7 (h 0 , g)n k−1 )(c 5.1 (j, g)n) c 5.7 (h, g)n k copies of H in G, as required.
Copies of Complete Graphs
This section studies the maximum number of copies of a given complete graph K s in an n-vertex graph that embeds in a given surface Σ. The flap-number of K s equals 1 if s 4 and equals 0 if s 5. Thus Theorem 1.2 implies that C(n, K s , Σ) = Θ(n) for s 4 and C(n, K s , Σ) = Θ(1) for s 5. The bounds obtained in this section are much more precise than those given by Theorem 1.2. Our method follows that of Dujmović et al. [17] , who characterised the n-vertex graphs that embed in a given surface Σ and with the maximum number of complete subgraphs (in total), and then derived an upper bound on this maximum.
A triangulation of a surface Σ is an embedding of a graph in Σ in which each facial walk has three vertices and three edges with no repetitions. Let G be a triangulation of Σ. [8, 9, 14, 38, 42, 43, 53, [62] [63] [64] . Barnette and Edelson [8, 9] proved that each surface has a finite number of irreducible triangulations. For S h with h 2 and N c with c 4 the list of all irreducible triangulations is known [42, 43, 62, 64] . In general, the best known upper bound on the number of vertices in an irreducible triangulation of a surface with Euler genus g 1 is 13g − 4, due to Joret and Wood [38] .
Let v w be a reducible edge of a triangulation G of Σ. Let v w x and v w y be the two faces incident to v w in G. As illustrated in Figure 3 , let G/v w be the graph obtained from G by contracting v w ; that is, delete the edges v w , w y , w x, and identify v and w into v . G/v w is a simple graph since x and y are the only common neighbours of v and w . Indeed, G/v w is a triangulation of Σ. Conversely, we say that G is obtained from G/v w by splitting the path xv y at v . If, in addition, xy ∈ E(G), then we say that G is obtained from G/v w by splitting the triangle xv y at v . Note that xv y need not be a face of G/v w . In the case that xv y is a face, splitting xv y is equivalent to adding a new vertex adjacent to each of x, v , y . Proof. Let G be a graph embedded in Σ that maximises the excess. We claim that G is a triangulation. Suppose on the contrary that F is a non-triangular facial walk in G.
Suppose that two vertices in F are not adjacent. Then there are vertices v and w at distance 2 in the subgraph induced by F . Thus adding the edge v w 'across' the face increases the number of triangles and the excess. This contradicts the choice of G. Now assume that F induces a clique.
Suppose that F has at least four distinct vertices. Let G be the embedded graph obtained from G by adding one new vertex 'inside' the face adjacent to four distinct vertices of F . Thus G is embeddable in Σ, has |V (G)| + 1 vertices, has at least C(K 3 , G) + 4 2 = C(K 3 , G) + 6 triangles, and thus has excess at least the excess of G plus 3. This contradicts the choice of G. Now assume that F has at most three distinct vertices. Proof. We proceed by induction on |V (G)|. By Lemma 6.1, we may assume that G is a triangulation of Σ. If G is irreducible, then the claim follows from the definition of X and φ. Otherwise, some edge v w of G is in exactly two triangles v w x and v w y . By induction, the excess of G/v w is at most φ. Moreover, the excess of G/v w equals φ if and only if G is obtained from some graph H ∈ X by repeatedly splitting triangles.
Observe that every triangle of G that is not in
Moreover, equality holds if and only if xv y is a triangle. It follows from the definition of excess that the excess of G is at most φ. If the excess of G equals φ, then the excess of G/v w equals φ, and xv y is a triangle and G is obtained from H by repeatedly splitting triangles.
Conversely, if G is obtained from some H ∈ X by repeatedly splitting triangles, then xv y is a triangle and G/v w is obtained from H by repeatedly splitting triangles. By induction, the excess of G/v w equals φ, implying the excess of G equals φ.
In general, since every irreducible triangulation of a surface Σ with Euler genus g has O(g) vertices [38, 53] , Theorem 6.3 implies that C(K 3 , Σ, n) 3n + O(g 3 ). We now show that C(K 3 , Σ, n) = 3n + Θ(g 3/2 ).
The following elementary fact will be useful. For integers s 2 and m 2,
(1) Theorem 6.4. For every surface Σ of Euler genus g,
where the lower bound holds for all n √ 6g and the upper bound holds for all n.
Proof. First we prove the lower bound. Because of the o(1) term we may assume that g 4. Let p := 1 2 (7 + √ 24g + 1) . Note that p 8 and p − 5 2 > √ 6g. The Map
Colour Theorem [61] says that K p embeds in Σ. To obtain a graph with n vertices embedded in Σ repeat the following step n − p times: choose a face f and add a new vertex 'inside' f adjacent to all the vertices on the boundary of f . Each new vertex creates at least three new triangles. Thus C(K 3 , Σ, n) 3(n − p) + p 3 for n p. Since
To prove the upper bound, by Lemma 6.1, it suffices to consider an n-vertex triangulation G of Σ. First suppose that n > 13g. Then G contains an edge e so that G/e is another triangulation [38] . Then C(K 3 , G) C(K 3 , G/e) + 3. Since G/e has n − 1 vertices, the result follows by induction. Now assume that n 13g. Let v 1 , . . . , v n be a vertex ordering of G, where v i has minimum degree in G i := G[{v 1 , . . . , v i }]. By Euler's formula,
By (1) with s = 2,
Since m 3 √ g and n 13g, C(K 3 , G) 9 2 g 3/2 + 270g + 36g ln(13g) + 6g 3/2 = 21 2 g 3/2 + 270g + 36g ln(13g). Proof. Let G be a graph embedded in Σ with maximum excess. We claim that G is a triangulation.
Suppose that some facial walk F contains non-adjacent vertices v and w . Let G be the graph obtained from G by adding the edge v w . Thus C(K 4 , G ) C(K 4 , G). If two common neighbours of v and w are adjacent, then C(K 4 , G + v w ) > C(K 4 , G), implying that the excess of G + v w is greater than the excess of G, which contradicts the choice of G. Now assume that no two common neighbours of v and w are adjacent. Let G := G /v w . Every K 4 subgraph in G is also in G . Thus C(K 4 , G ) C(K 4 , G ) C(K 4 , G). Since |V (G )| < |V (G)|, the excess of G is greater than the excess of G, which contradicts the choice of G. Now assume that every facial walk induces a clique in G.
Suppose that some facial walk F has at least four distinct vertices. Let G be the embedded graph obtained from G by adding one new vertex 'inside' the face adjacent to four distinct vertices of F . Thus G is embeddable in Σ, has |V (G)| + 1 vertices, has at least C(K 4 , G) + 4 3 = C(K 4 , G) + 4 triangles, and thus has excess at least the excess of G plus 3. This contradicts the choice of G. Now assume that every facial walk in G has at most three distinct vertices.
Suppose that some facial walk F is not a triangle. By Lemma 6.2, F = (u, v , w , u, v , w ). Let G be the graph obtained from G by adding two new adjacent vertices p and q, where p is adjacent to the first u, v , w sequence in F , and q is adjacent to the second u, v , w sequence in F . So G is embeddable in Σ and has |V (G)| + 2 vertices. If S is a nonempty subset of {p, q} and T ⊆ {u, v , w } with |S| + |T | = 4, then S ∪ T induces a copy of K 4 in G but not in G. There are 2 2 3 2 + 2 1 3 3 = 3 + 2 = 5 such copies. Thus C(K 4 , G ) C(K 4 , G) + 5 and the excess of G is at least the excess of G plus 3, which contradicts the choice of G. Therefore G is a triangulation of Σ. Theorem 6.6. Let φ be the maximum excess of an irreducible triangulation of Σ. Let X be the set of irreducible triangulations of Σ with excess φ. Then the excess of every graph G embeddable in Σ is at most φ. Moreover, the excess of G equals φ if and only if G is obtained from some graph in X by repeatedly splitting triangles.
Proof. We proceed by induction on |V (G)|. By Lemma 6.5, we may assume that G is a triangulation of Σ. If G is irreducible, then the claim follows from the definition of X and φ. Otherwise, some edge v w of G is in exactly two triangles v w x and v w y . By induction, the excess of G/v w is at most φ. Moreover, the excess of G/v w equals φ if and only if G is obtained from some graph H ∈ X by repeatedly splitting triangles.
Observe that every clique of G that is not in G/v w is in {A ∪ {w } : A ⊆ {x, v , y }}. Thus C(K 4 , G) C(K 4 , G/v w ) + 1. Moreover, equality holds if and only if xv y is a triangle. It follows from the definition of excess that the excess of G is at most φ. If the excess of G equals φ, then the excess of G/v w equals φ, and xv y is a triangle, and G is obtained from H by repeatedly splitting triangles.
Since every irreducible triangulation of a surface Σ with Euler genus g has O(g) vertices [38, 53] , Theorem 6.6 implies that C(K 4 , Σ, n) n + O(g 4 ). We now show that C(K 4 , Σ, n) = n + Θ(g 2 ).
Theorem 6.7. For every surface Σ of Euler genus g, n + 3 2 g 2 C(K 4 , Σ, n) n + 283 24
where the lower bound holds for g 1 and n √ 6g, and the upper bound holds for all n.
Proof. First we prove the lower bound. If Σ = N 2 then let p := 6. Otherwise, let p := 1 2 (7 + √ 24g + 1) . Since g 1 we have p 6. The Map Colour Theorem [61] says that K p embeds in Σ. To obtain a graph with n vertices embedded in Σ repeat the following step n − p times: choose a face f and add a new vertex 'inside' f adjacent to all the vertices on the boundary of f . Each new vertex creates at least one new copy of K 4 (since the boundary of each face is always a clique on at least three vertices). Thus
Now we prove the upper bound. The claim is trivial for g = 0, so now assume that g 1. By Lemma 6.5, it suffices to consider an irreducible triangulation G. Joret and Wood [38] proved that n := |V (G)| 13g. Let v 1 , . . . , v n be a vertex ordering of G, where v i has minimum degree in G i := G[{v 1 , . . . , v i }]. By Euler's formula,
For m + 1 i n, the number of copies charged to v i is at most
In total,
By (1) Theorem 6.8. For every integer s 5 and surface Σ there is an irreducible triangulation G such that C(K s , G) = max n C(K s , Σ, n).
Proof. Let q := max n C(K s , Σ, n). Let G 0 be a graph embedded in Σ with C(K s , G 0 ) = q. As described in the proof of Lemma 6.1 we can add edges and vertices to G 0 to create a triangulation G of Σ. Adding edges and vertices does not remove copies of K s . Thus C(K s , G) = q. If G is irreducible, then we are done. Otherwise, some edge v w of G is in exactly two triangles v w x and v w y .
Each such clique has at most four vertices. Thus C(K s , G ) = C(K s , G) = q. Repeat this step to G until we obtain an irreducible triangulation G with C(K s , G ) = q.
We now prove a precise bound on C(K s , Σ, n), making no effort to optimise the constant 300.
Theorem 6.9. For every integer s 5 and surface Σ of Euler genus g and for all n, √ 6g
where the lower bound holds for all n √ 6g s and the upper bound holds for all n.
Proof. For the lower bound, it follows from the Map Colour Theorem [61] that K p embeds in Σ where p := √ 6g . Thus, for n p s,
Now we prove the upper bound. The claim is trivial for g = 0, so assume that g 1. By Theorem 6.8, it suffices to consider an irreducible triangulation G of Σ. Joret and Wood [38] proved that n := |V (G)| 13g. Let v 1 , . . . , v n be a vertex ordering of G, where v i has minimum degree in G i := G[{v 1 , . . . , v i }]. By Euler's formula, Charge every other copy X of K s to the rightmost vertex in X (with respect to v 1 , . . . , v n ). For m + 1 i n, the number of copies of K s charged to v i is at most
By (1),
Since m √ g,
6.4. Computational Results. For Σ ∈ {S 0 , S 1 , S 2 , N 1 , N 2 , N 3 , N 4 }, we use Lemmas 6.1 and 6.5 and Theorem 6.8, the lists of all irreducible triangulations [42, 43, 62, 64] , and an elementary computer program to count cliques to obtain the exact results for C(K s , Σ, n) shown in Table 1 . Let C(G) be the total number of complete subgraphs in a graph G; that is C(G) = s 0 C(K s , G). For a surface Σ, let C(Σ, n) be the maximum of C(G) taken over all n-vertex graphs G embeddable in Σ. Dujmović et al. [17] proved that C(Σ, n) − 8n is bounded for fixed Σ, which is implied by Theorems 6.4, 6.7 and 6.9. The following conjectures have been verified for each of S 0 , S 1 , S 2 , N 1 , N 2 , N 3 , N 4 . Conjecture 6.10. For every surface Σ and integer n, C(Σ, n) = s 0 C(K s , Σ, n). Conjecture 6.11. If C(G) = C(Σ, n) for some n-vertex graph G embeddable in a surface Σ, then for s 0,
Conversely, we conjecture that maximising the number of triangles is equivalent to maximising the total number of complete subgraphs. More precisely:
Conjecture 6.12. If C(K 3 , G) = C(K 3 , Σ, n) for some n-vertex graph G embeddable in a surface Σ, then C(G) = C(Σ, n).
Note that K 3 cannot be replaced by some arbitrary complete graph in Conjecture 6.12. For example, every graph embeddable in N 3 contains at most one copy of K 7 , but there are irreducible triangulations G of N 3 that contain K 7 and do not maximise the total number of cliques (that is, C(G) < 8|V (G)| + 104). Similarly, every graph embeddable in N 4 contains at most 8 copies of K 7 , but there are irreducible triangulations G of N 4 for which C(K 7 , G) = 8 and C(G) < 8|V (G)| + 216.
Minor-Closed Classes
Consider the following natural open problem extending our results for graphs on surfaces:
For graphs H and X and an integer n, what is the maximum number of copies of H in an n-vertex graph containing no X-minor? This problem has been extensively studied when X is a complete graph [22, 23, 44, 57, 59, 68] .
The methods presented in this paper answer this question when X is a complete bipartite graph K 3,t with a slight modification of the definition of flap-number. If H is not 3connected, then the flop-number of H is defined as the maximum number of pairwise independent ( 2)-separations in H. If H is 3-connected, then its flop-number is 1.
Theorem 7.1. Fix t ∈ N and a graph H containing no K 3,t -minor and with flop-number k. Then the maximum number of copies of H in an n-vertex graph containing no K 3,tminor equals Θ(n k ).
We omit the proof of Theorem 7.1, since it is the same as for graphs embedded on a surface, except that the upper bound for flop-number 1 is a consequence of the following theorem of Eppstein [ When H is a tree, this problem specialises as follows: Fix a tree T and s ∈ N. Let G be a minor-closed class of graphs such that K s−1,t ∈ G for all t ∈ N, but K s,t ∈ G for some t ∈ N. For example, graphs with Euler genus at most g satisfy this property with s = 3 and t = 2g + 3. Let β(T ) be the size of the largest independent set of vertices in T , each with degree at most s − 1. The construction in Corollary 1.3 generalises to give n-vertex graphs in G containing Ω(n β(T ) ) copies of T . Does every graph in G contain O(n β(T ) ) copies of T ?
Homomorphism Inequalities
This section reinterprets the results of this paper in terms of homomorphism inequalities, and presents some open problems that arise from this viewpoint.
For two graphs H and G, a homomorphism from H to G is a function φ : V (H) → V (G) that preserves adjacency; that is, φ(v )φ(w ) is an edge of G for each edge v w of H. Let hom(H, G) be the number of homomorphisms from H to G. For example, hom(H, K t ) > 0 if and only if H is t-colourable. In the other direction, hom(K 1 , G) is the number of vertices in G, and hom(K 2 , G) is twice the number of edges in G, and hom(K 3 , G) is 6 times the number of triangles in G.
Homomorphism inequalities encode bounds on the number of copies of given graphs in a host graph. Much of extremal graph theory can be written in terms of homomorphism inequalities, and a beautiful theory has recently developed that greatly simplifies the task of proving such inequalities; see [45] .
Consider the following concrete example. Mantel [50] proved that every n-vertex graph with more than n 2 4 edges has a triangle, which is tight for the complete bipartite graph K n/2,n/2 . Goodman [27] strengthened Mantel's Theorem by providing a lower bound of m 3 ( 4m n −n) on the number of triangles in an n-vertex m-edge graph. Goodman's Theorem can be rewritten as the following homomorphism inequality:
(2) hom(K 1 , G) hom(K 3 , G) hom(K 2 , G)(2 hom(K 2 , G) − hom(K 1 , G) 2 ).
In a celebrated application of the flag algebra method, Razborov [58] generalised (2) by determining the minimum number of triangles in an n-vertex m-edge graph. The minimum number of copies of K r in an n-vertex m-edge graph (the natural extension of Turan's Theorem) was a notoriously difficult question [46, 47] , recently solved for r = 4 by Nikiforov [56] and in general by Reiher [60] . All of these results can be written in terms of homomorphism inequalities.
The results of this paper show that for every fixed graph H with flap-number k, and for every graph G that embeds in a fixed surface Σ, hom(H, G) c 1 hom(K 1 , G) k ;
and if H embeds in Σ, then hom(H, G) c 2 hom(K 1 , G) k for infinitely many graphs G that also embed in Σ.
Here is another example of a homomorphism inequality for graphs on surfaces. Euler's Formula implies 2 that the number of triangles in an n-vertex m-edge graph with Euler genus g is at least 2(m −2n +4−2g). This result is an analogue of Goodman's Theorem 2 Let G be a graph with n vertices, m edges and c components. Let Σ be a surface with Euler genus g. Assume that G embeds in Σ with t triangular faces and f non-triangular faces. By Euler's formula, n−m+t+f = 1+c −g. Double-counting edges, 3t+4f 2m. Thus 4(m−n−t+1+c −g) = 4f 2m−3t and t 2m − 4n + 4 + 4c − 4g 2(m − 2n + 4 − 2g), as claimed.
for graphs G of Euler genus g, and can be written as the following homomorphism inequality:
hom(K 3 , G) 6 hom(K 2 , G) − 24 hom(K 1 , G) + 48 − 24g.
We consider it an interesting line of research to prove similar homomorphism inequalities in other minor-closed classes. The following open problems naturally arise.
• Is there a method (akin to flag algebras [58] or graph algebras [45] ) for systematically proving homomorphism inequalities in minor-closed classes? • Hatami and Norine [37] proved that it is undecidable to test the validity of a linear homomorphism inequality. In which minor-closed classes is it decidable to test the validity of a linear homomorphism inequality?
These questions are open even for forests; see [12, 13, 15] for related results.
Closely related to the study of graph homomorphisms is the theory of graph limits and graphons [45] . While this theory focuses on dense graphs, a theory of graph limits for sparse graphs is emerging. For example, results are known for bounded degree graphs [11, 36] , planar graphs [10, 28] , and bounded tree-depth graphs [55] . The above questions regarding graph homomorphisms parallel the theory of graph limits in sparse classes.
